Abstract. This paper presents an application of the Fusion-Fission method to the multi-way graph partitioning problem. The Fusion-Fission method was first designed to solve the normalized cut partitioning problem. Its application to the multi-way graph partitioning problem is very recent, thus the Fusion-Fission algorithm has not yet been optimized. Then, the Fusion-Fission algorithm is slower than the state-of-the-art graph partitioning packages. The Fusion-Fission algorithm is compared with JOSTLE, METIS, CHACO and PARTY for four partition's cardinal numbers: 2, 4, 8 and 16, and three partition balance tolerances: 1.00, 1.01 and 1.03. Results show that up to two thirds of time are the partitions returned by Fusion-Fission of greater quality than those returned by state-of-the-art graph partitioning packages.
Introduction
For ten years, the state-of-the-art method to solve the multi-way graph partitioning problem is the multilevel method. The multilevel method often used a graph growing algorithm for the partitioning task and a Kernighan-Lin type refinement algorithm. This method has been introduced in [HL95b, KK95, AHK97] . It is a very efficient process which is very fast too. It consists in reducing the number of vertices of the graph, which is sometimes very high (more than 100,000 vertices), by coarsening them. Then, a partition of the coarsenest graph (less than 100 vertices) is built, generally with a graph growing algorithm [KK98a] . After that, the vertices of the partition are successively un-coarsened and the partition refined with a Kernighan-Lin algorithm [KL70, FM82] or a helpful set algorithm [DMP95] .
Graph partitioning has many applications. The most famous of them are parallel computing, VLSI design and engineering computation. Thus, graph partitioning is an important combinatorial optimization problem. Because of its great number of applications, there are different graph partitioning problems. The aim of this paper is to study the most classical of them, the multi-way graph partitioning problem, also called k-way graph-partitioning problem [KK98c] . The other graph partitioning problems, such as the Normalized-Cut partitioning problem
Graph partitioning
The multi-way graph partitioning problem consists in finding a partition of the vertices of a graph into parts of the same size, while minimizing the number of edges between parts. It is well-known that the multi-way graph partitioning problem is NP-complete.
The difficulty of the task is to keep the sizes of the parts equal while minimizing the edge-cut. The value which represents the difference between the sizes of the parts is named the balance of the partition. Because a small difference between the sizes of the parts may lead to a lower edge-cut [ST97] , lots of results are presented with partitions not perfectly balanced.
Definition 1 (Partition of the vertices of a graph). Let G = (V, E) be an undirected graph, with V its set of vertices and E its set of edges. A partition of the graph into k parts is a set P k = {V 1 , . . . , V k } of sub-sets of V such that:
-No element of P k is empty.
-The union of the elements of P k is equal to V. -The intersection of any two elements of P k is empty.
The number of parts k of the partition P k is named the cardinal number of the partition.
Assume that the graph G is weighted. For each vertex v i ∈ V , let w(v i ) be its weight. For each edge (v i , v j ) ∈ E, let w(v i , v j ) be its weight. Then, the weight of a set of vertices V ′ ⊆ V is the sum of the weight of the vertices of
Definition 2 (Balance of a partition). Let P k = {V 1 , . . . , V k } be a partition of a graph G = (V, E) into k parts. The average weight of a part is:
k . The balance of a partition is defined as the maximum weight of all parts divided by the average weight of a part:
The objective function to minimize is the cut function. It is defined as the sum of the weight of the edges between the parts. More formally, let V 1 and V 2 be two elements of P k :
Then, the cut objective function is defined as:
The partition which has the lowest cut value is the solution of the multiway graph partitioning problem. However, because of the size of the graph to partition (several thousands of vertices), and because of the combinatorial nature of the problem, the partition with the lowest cut value can not be found. Thus, combinatorial optimization methods are used to solve this problem.
The Fusion-Fission adaptation to multi-way graph partitioning
Because principles of Fusion-Fission are described in [Bic07] , this paper presents only succinctly this method. Fusion-Fission principles are based on nuclear force between nucleons. This force is responsible for binding of protons and neutrons into atomic nuclei. In the nature, the fifty-six particles of an iron nucleus are more tightly bound together than in any other element. Thus, the Fusion-Fission optimization process consists in splitting and merging atoms to create atoms of maximum binding energy. Nucleons of big atoms are merged into atoms with few nucleons. An analogy with graph partitioning is easy. Let the nucleons be the vertices of the graph and the atoms the parts of the partition. The binding energy between two nucleons is the edge weight between the corresponding vertices. According to the Fusion-Fission process, parts of the partition are successively merged and split. Then, the cardinal number of the partition changes during the process. Resulting atoms of the Fusion-Fission process should be atoms of the same size. Which means that the final partition is perfectly balanced.
To be as close as possible to the process described before, the Fusion-Fission application to multi-way graph partitioning is an iteration process which works as follows: at each step of the process, a new partition P t+1 l ′ is created based on the preceding partition P the partition P t+1 l ′ into l parts. Because of its efficiency, the multilevel method has been chosen for the splitting. The fusion process consists in merging the l ′ * l parts into a partition P ′ of l ′ parts. The merging can be viewed as graph partitioning problem where the vertices of the graph are the l ′ * l parts. Thus, a multilevel method has been chosen for the merging too. Then, the partition P ′ is refined using a Kernighan-Lin type algorithm (KL). The resulting partition is the partition P t+1 l ′ . The initial partition, P 0 k , is provided by the multilevel method.
The algorithm 1 presents the Fusion-Fission application to multi-way graph partitioning. The number of part of the new partition, l ′ , changes at each iteration. We decided to force it to follow a binomial distribution centered in k. Then, a list of numbers which follow this binomial distribution is constructed at the beginning of the Fusion-Fission algorithm. Then, each iteration starts by selecting a new number of part l ′ in this list. The multilevel method and the Kernighan-Lin type algorithm (KL in the algorithm 1) used are those of the pMETIS software and are both described in [KK98a] . The pMETIS software does not refer to the parallel implementation of METIS, but pMETIS is the name given of the recursive bisection software implemented in the serial METIS package.
The particularity of the Fusion-Fission algorithm is to find several partitions of different cardinal numbers. Moreover, for each partition found during the algorithm's iteration, refinement is a four-step process. The partition is first refined for a balance of 1.00, then for a balance of 1.01, and after, for balances of 1.03 and 1.05. This four-step refinement process greatly decrease the computation time of the algorithm. Since the algorithm code is not optimized as much as the multilevel softwares, its computation time is less relevant than partition quality.
Comparison with state-of-the-art graph partitioning packages

Benchmarks graphs
The performance of the Fusion-Fission adaptation to multi-way graph partitioning is evaluated on a wide range of tests graphs arising in different application domains. These tests graphs have been chosen among classical benchmarks in the literature of graph partitioning. Some of these benchmarks have been tested in some recent papers [BGOM03,SWC04,KcR04,DGK07]. These graphs are both vertex and edge unweighted. The characteristics of these graphs are described in table 1. All of these benchmarks graphs can be downloaded at the University of Greenwich graph partitioning archive (May 2007): http://staffweb.cms.gre.ac.uk/∼c.walshaw/partition/ All the experiments in this paper were performed on an Intel Pentium IV 3.0 GHz processor with 1 Go of memory, running a GNU/Linux Debian operating system.
Algorithm 1 Fusion-Fission
. . , P k } for t = 1 to n do choose a new number of parts l 
Some graph partitioning packages
The quality of the partitions produced by the Fusion-Fission algorithm is compared with those generated on the same computer by several public domain graph partitioning softwares:
-The CHACO software [HL95a] . This software includes multilevel and spectral algorithms. Because it is more efficient than the spectral algorithm, only the multilevel algorithm of CHACO, described in [HL95b] , is compared with Fusion-Fission. -The JOSTLE software [Wal02] . It is based on a multilevel multi-way partitioning algorithm [WC00] . -The METIS package [KK98b] . This package provides both the pMETIS and the kMETIS softwares. kMETIS is a direct multi-way partitioning algorithm [KK98c] . pMETIS uses a recursive bisection algorithm [KK98a] . -The PARTY software [PD98] . This software is is based on a multilevel algorithm and a helpful-sets refinement algorithm [DMP95] .
From all of this softwares, two have a balance parameter : JOSTLE and CHACO (with KL IMBALANCE). The two others found partitions with a variable balance.
Comparisons between graph partitioning softwares
To be compared with the other algorithms, the Fusion-Fission algorithm has been limited to 2,000 iterations. Then, its runtime is between one minute and one hour. This computation time is quite long regarding those of graph partitioning packages which is often less than a second. There are some explanations to this deficiency. The Fusion-Fission algorithm has not been optimized. It makes four refinement steps instead of one (see section 3). However, the Fusion-Fission algorithm is not slow in comparison with metaheuristics applied to graph partitioning [BGOM03, SWC04] which have a computation time of several hours to several days. Tables 2 and 3 present some comparisons between the public graph partitioning packages presented in section 4.2 and the Fusion-Fission algorithm. Four cardinals numbers have been chosen: k = 2, 4, 8 and 16. CHACO naturally finds partition perfectly balanced. Its results are compared with those of JOSTLE and Fusion-Fission for balance = 1.00. pMETIS (labeled pM. in tables 2 and 3) finds partitions for a balance number of 1.01, thus it is compared with JOSTLE and Fusion-Fission for this imbalance. kMETIS and PARTY are compared with JOSTLE and Fusion-Fission for balance = 1.03. When an algorithm do not find a partition for the given balance, the result is marked not available (N/A in tables 2 and 3).
In Tables 2 and 3 , lines heading "Best" summarize the number of times the algorithms found the best partition quality over the 23 graphs of this benchmark, regarding results of the other algorithms for the same balance. Results show that Fusion-Fission outperforms the other algorithms in all cases except for k = 8 and k = 16 with a balance of 1.00. In the two last cases, the Fusion-Fission algorithm does as well as the JOSTLE software. The Fusion-Fission algorithm has not been constrained to find perfectly balanced partitions even if it tries to do so. Thus, in a few cases it does not find perfectly balanced partitions. The Fusion-Fission algorithm is particularly good for the two smallest cardinals numbers, k = 2 and k = 4. It can be noticed that the JOSTLE software does almost as well as the other softwares, except when it is compared with pMETIS for k = 16 and balance = 1.03.
Conclusion
A new multi-way graph partitioning method has been presented in this paper. This method named Fusion-Fission is based on a previous work we made to solve the normalized cut graph partitioning problem [Bic06, Bic07] . The adaptation of Fusion-Fission to the multi-way graph partitioning problem uses the pMETIS multilevel algorithm and its Kernighan-Lin refinement algorithm.
This method has been compared with four state-of-the-art graph partitioning packages: JOSTLE, METIS, CHACO and PARTY. Classical benchmarks have been used. The partitions searched are of cardinal numbers 2, 4, 8 and 16, with a balance of 1.00, 1.01 and 1.03. Results show that up to two thirds of time are the partitions returned by Fusion-Fission of greater quality than those returned with state-of-the-art graph partitioning packages.
Since Fusion-Fission takes much longer time than state-of-the-art graph partitioning packages, it may bee difficult to used it for parallel matrix applications. However, it can be advantageously be used for fields where run-time is less of a concern, as VLSI layout or air traffic management problems.
